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24 RATIONAL CURVES ON K3 SURFACES
S LAWOMIR RAMS AND MATTHIAS SCHU¨TT
Abstract. Given d ∈ N, we prove that all smooth K3 surfaces (over
any field of characteristic p 6= 2, 3) of sufficiently high degree contain
at most 24 rational curves of degree at most d. In the exceptional
characteristics, the same bounds hold for non-unirational K3 surfaces,
and we develop analogous results in the unirational case. We also show
that the bounds are sharp and attained only by K3 surfaces with genus
one fibrations.
1. Introduction
The study of rational curves on projective K3 surfaces has a long history,
starting with the result of Bogomolov and Mumford that every complex
projective K3 surface contains a rational curve [10]. In fact, it has been
conjectured that every K3 surface over an algebraically closed field should
contain infinitely many rational curves. In characteristic zero, a proof was
recently given in [4], [5], building on previous work in [2], [3], [9]. (For recent
progress in positive characteristic, see [25].)
The problem of rational curves assumes a different flavour when we con-
sider polarized K3 surfaces of a fixed degree 2h (i.e. pairs (X,H), such
that H ∈ Pic(X) is very ample with H2 = 2h) and take the degrees of the
rational curves relative to the polarization H into account. Denote
rd := rd(X) := #{rational curves C ⊂ X with deg(C) = d}.
For surfaces of small degree, the behaviour of rd, especially its maximum,
seems to be hard to predict in general, although the problem has a long
history (cf. [6], [7], [13], [18]). In contrast, for complex K3 surfaces of high
degree 2h (relative to d), Miyaoka [12] developed the following bounds for
these quantities: if h > 2d2, then
r1 + 2r2 + . . . + drd ≤
24dh
h− 2d2
.(1.1)
In particular, this implies that for h≫ 0 (relative to d), one has
ri ≤ 24 ∀ i ≤ d.
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Here we improve on Miyaoka’s result by removing the weights in (1.1), i.e.
we consider the quantities
Sd := r1 + . . .+ rd = #{rational curves C ⊂ X with deg(C) ≤ d}.
Moreover, our results are valid in any characteristic (with slight restrictions
in characteristics 2, 3).
Theorem 1.1. Let d ∈ N. For all h≫ 0 and for all degree-2h K3 surfaces
X over a field k of characteristic p 6= 2, 3, one has
Sd ≤ 24.
For d ≥ 3, the above bound is attained for all h ≫ 0 by some K3 surfaces
with a semi-stable genus one fibration.
In characteristic 2, 3, due to the presence of quasi-elliptic fibrations we
have slightly weaker bounds involving the following restricted rational curve
count:
S′d = S
′
d(X) := #
{
rational curves C ⊂ X with deg(C) ≤ d
such that pa(C) 6= 1 if C is cuspidal
}
.
Theorem 1.2. Let d ∈ N. For all h≫ 0 and for all degree-2h K3 surfaces
X over a field k of characteristic p = 2, one has:
(i) if X is not unirational, then Sd ≤ 24.
(ii) in general, S′d ≤ 40.
For infinitely many d, the bounds in Theorem 1.2 (i) and (ii) are attained
for infinitely many integers h each.
Theorem 1.3. Let d ∈ N. For all h≫ 0 and for all degree-2h K3 surfaces
X over a field k of characteristic p = 3, one has:
(i) if X is not unirational or X has Artin invariant σ > 6, then Sd ≤ 24;
(ii) in general, S′d ≤ 30.
For d ≥ 3, the bounds in Theorem 1.3 (i) are all attained for h≫ 0. For
all d in Theorem 1.3 (ii), the bounds are attained for infinitely many h.
Remark 1.4. Case (ii) in Theorems 1.2, 1.3 applies to all rational curves if
d ≤ 2 (as these curves are automatically smooth, we have Sd = S
′
d). For
d = 1 and p = 2, the estimate from Theorem 1.2 (ii) can be improved to
r1 = #{lines on X} ≤ 25.
Of course, all bounds from Theorems 1.1, 1.2, 1.3 also apply to smooth
rational curves of given degree. It may come as a surpise that even under
this restriction, they are attained infinitely often – even when we consider
only smooth rational curves of degree exactly d (see Section 6). This also
answers Miyaoka’s question in [12, Rem. (2)] whether the bounds given by
(1.1) are sharp.
Our results also relate to work of Degtyarev on complex K3 surfaces. In
[6], he considers lines only, but his methods give precise maxima for the
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number of lines depending on the degree 2h. In particular, Degtyarev shows
that there exist arbitrary large h ∈ N such that the bound from Theorem
1.1 is never attained by lines on degree-2h K3 surfaces over C. A similar
pattern persists in positive characteristic (and also for d = 2), but the precise
analysis exceeds the scope of this paper.
Our methods are close to those of [6], except that we extend them in
three directions: to higher degree, non-smooth rational curves and positive
characteristic, including the special phenomena of characteristic 2 and 3
displayed in Theorems 1.2, 1.3.
Remark 1.5. Analogous techniques apply to Enriques surfaces. Their de-
tailed study will be subject of future work.
Convention 1.6. Since Theorems 1.1–1.3 stay valid under base extension, we
will assume without loss of generality that the base field k of characteristic
p ≥ 0 is algebraically closed.
2. Set-up
We consider polarized K3 surfaces of degree 2h, i.e. pairs (X,H) where X
is a smooth K3 surface over an algebraically closed field k of characteristic
p, and H is a very ample divisor of square H2 = 2h. Then, the linear system
|H| defines an embedding
X →֒ Ph+1
which is an isomorphism onto its image (the latter is not contained in any
hyperplane of Ph+1).
Conversely, one can check whether a given divisor H on X with H2 =
2h > 0 is very ample by the methods developed in [16]. In detail, one has:
Criterion 2.1. Let p 6= 2. A divisor H on a K3 surface X is very ample if
(1) H.C > 0 for every curve C ⊂ X;
(2) H.E > 2 for every irreducible curve E ⊂ X of arithmetic genus 1;
(3) H2 ≥ 4, and if H2 = 8, then H is not 2-divisible in Pic(X).
We will revisit this criterion in Section 5 in order to apply it to certain
divisors on K3 surfaces with genus one fibrations. Then any irreducible
curve serves either as a fibre component Θ or as a multisection D′ of degree
d′ = F.D′ where F denotes any fibre. This structure simplifies the analysis
of assumptions of Criterion 2.1 substantially, especially since pa(D
′) > 0
implies d′ > 1.
3. Proof of Theorems – preparations
Let C ⊂ X be a curve of degree d. Then the Hodge index theorem implies
that
C2 ≤
(C.H)2
H2
=
d2
2h
.(3.1)
4 S LAWOMIR RAMS AND MATTHIAS SCHU¨TT
In particular, all rational curves of degree at most d have bounded square,
though a priori they need not be finite in number. Consider the set
Γ = {rational curves C ⊂ X with deg(C) ≤ d}
which we can also interpret as a graph without loops with multiple edges
corresponding to the intersection number v.w for v,w ∈ Γ. For each vertex
v ∈ Γ, we consider two values: the square v2 ≤ d2/2h and dv, the degree of
the corresponding curve; in shorthand,
dv := v.H.
For each pair of vertices v,w ∈ Γ, the integers dv , dw yield a constraint on
the number of edges between the vertices in question. Indeed, the Hodge
index theorem enables us to derive the inequality
(3.2) v.w ≤ dvdw
(which can be improved drastically to v.w ≤ dvdw/h in case v
2, w2 ≥ 0).
Together the rational curves form the formal group
M := ZΓ ⊂ Div(X),
equipped with the intersection pairing extending that on the vertices. We
emphasize that M may be degenerate (in shorthand ker(M) 6= 0) as it falls
into the following three cases:
(1) elliptic – M ⊗ R is negative-definite (ker(M) = 0);
(2) parabolic –M⊗R is negative semi-definite, but not elliptic (ker(M) 6=
0);
(3) hyperbolic –M⊗R has a one-dimensional positive-definite subspace
and none of greater dimension.
The last condition comes from the Hodge index theorem.
The squares v2 ≥ −2 of the vertices play a fundamental role in distin-
guishing these three cases. Below we collect several useful observations.
Remark 3.1. (i) Obviously, if there is v ∈ Γ with v2 > 0, then M is
hyperbolic.
(ii) If there is an isotropic vertex v ∈ Γ (i.e. v2 = 0), then M cannot
be elliptic; moreover, if there is w ∈ Γ with v.w > 0, then M is
hyperbolic, since (w + 2v)2 > 0.
(iii) The reasoning in (ii) applies to any non-trivial isotropic vector
0 6= D ∈M with D2 = 0 :
if M is parabolic, then v.D = 0 for any v ∈ Γ.
(iv) In particular, if Γ is elliptic, then v2 = −2 and v.w ∈ {0, 1} for all
v 6= w ∈ Γ.
With smooth rational curves of degree at most d, the conditions on the
intersection numbers in the last two cases of Remark 3.1 seem quite restric-
tive (with d large, at least). In practice, however, for X to contain many
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smooth rational curves of degree at most d, the two conditions turn out not
to be so restrictive after all, see the finiteness statement of Proposition 4.3.
Remark 3.2. Case (i) of Remark 3.1 can be excluded using (3.1) by requiring
2h > d2, but this reduction step would not simplify our arguments. There-
fore we decided to postpone the choice of h≫ 0 until the very last moment
in 4.1.
Let N ⊂M be a sublattice. We have the following useful observation
(3.3) if N ⊗ R is negative-definite, then rankN ≤ 21.
Indeed, the lattice N embeds into Pic(X) which is hyperbolic of rank ρ(X) ≤
22 (or ρ(X) ≤ 20 if p = 0, see Remark 3.6).
The following lemma will be instrumental for our arguments:
Lemma 3.3. (i) If M is elliptic, then it is an orthogonal sum of finitely
many Dynkin diagrams (ADE-type).
(ii) If M is parabolic, then it is an orthogonal sum of finitely many
Dynkin diagrams and at least one isotropic vertex or extended Dynkin
diagram (A˜D˜E˜-type), the latter of which are again finite in number.
Remark 3.4. In the parabolic case, M may a priori involve infinitely many
isotropic vertices, cf. the quasi-elliptic case at the end of this section.
Proof. (i) By (3.3), the lattice M is of finite rank. The claim follows from
Remark 3.1.(iv) and the classification of (negative-definite) root lattices.
(ii) Assume that M is parabolic. If v2 = 0, then v ∈ ker(M) by Re-
mark 3.1.(ii). This leads to an orthogonal decompositionM =Mz⊕Mr with
all vertices v ∈ Γ∩Mz satisfying the condition v
2 = 0, and Γ∩Mr comprising
the roots. Moreover, we have v.w ∈ {0, 1, 2} for any v 6= w ∈ Γ ∩Mr.
If v,w ∈ Γ ∩Mr satisfy v.w = 2, then (v + w) ∈ Mr is isotropic and we
get the extended Dynkin diagram A˜1, that defines an orthogonal summand
of Mr (see Remark 3.1.(iii) again). By (3.3), we can find only finitely many
such summands in Mr. Away from these summands, we may assume that
v.w ∈ {0, 1} for any v 6= w ∈ Γ ∩Mr. The classification of (negative semi-
definite) root lattices combined with (3.3) completes the proof. 
We can now derive first two steps towards Theorem 1.1:
Corollary 3.5. If M is elliptic, then #Γ = rankM ≤ 21.
Proof. Since M is elliptic we have #Γ = rankM . Thus the claim follows
from (3.3). 
Remark 3.6. Equality in the elliptic case can only be attained in charac-
teristics p ≤ 19 by [20]. Over C, one even has the bound #Γ ≤ 19, since
ρ(X) ≤ 20 by Lefschetz’ (1, 1)-theorem, equality being attained, for instance,
by extremal elliptic K3 surfaces (cf. [11], [21]).
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Lemma 3.7. If M is parabolic, then there is a genus one fibration
X → P1(3.4)
such that
Γ = {rational fiber components Θ of (3.4) with deg(Θ) ≤ d}.
Proof. By Lemma 3.3 (ii), M contains an isotropic vertex v0 ∈ Γ or an ex-
tended Dynkin diagram. The latter yields an isotropic divisor D of Kodaira
type. In either case, the linear system of the isotropic vector thus gives the
claimed genus one fibration. By construction, v0 resp. D is a fibre of (3.4),
and all vertices of Γ feature as fiber components of the fibration, again by
Lemma 3.3 (ii). Conversely, of course, any rational component Θ of a sin-
gular fibre of degree at most d appears in Γ while multisections would force
Γ to be hyperbolic. 
We shall now discuss how Lemma 3.7 fits together with the bounds from
Theorem 1.1. If the general fibre of the genus one fibration (3.4) is smooth,
then the number of rational fibre components can be bounded by topological
arguments. Indeed, in terms of the Euler–Poincare´ characteristic, we have
24 = e(X) =
∑
t∈P1
e(Ft) + δt.(3.5)
Here δt ≥ 0 accounts for the wild ramification (which only occurs for certain
additive fibre types in characteristics 2 and 3, see [17]). Moreover, for a
singular fibre Ft with mt irreducible components, one has
e(Ft) =
{
mt, if Ft is multiplicative (type In, n > 0),
mt + 1, if Ft is additive.
(3.6)
By [23], the general fibre can be non-smooth only in characteristics 2, 3, so
this settles Theorem 1.1 in the parabolic case.
In characteristics 2 and 3, the genus one fibration (3.4) may also be quasi-
elliptic, i.e. the general fibre is a cuspidal cubic (as excluded in the curve
count S′d). Note that this automatically implies the surface to be unirational,
so if X is not unirational, Theorem 1.2 (i) follows from what we have seen
above. Moreover, quasi-elliptic K3 surfaces in characteristic 3 automatically
satisfy σ ≤ 6 (just compute the sublattice generated by fibre components
and the curve of cusps), so Theorem 1.3 (i) follows as well.
To conclude the proofs, let (3.4) be quasi-elliptic, but remove all cuspidal
rational curves with pa = 1 from consideration. Hence Lemma 3.7 leads to
Γ′ = {smooth rational fiber components Θ of (3.4) with deg(Θ) ≤ d}.
That is, we only have to inspect the reducible fibres. Since the general
fibre F has e(F ) = 2, the formula for the Euler-Poincare´ characteristic of a
quasi-elliptic fibration reads
24 = e(X) = 4 +
∑
t∈P1
(e(Ft)− 2).(3.7)
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Since all fibres are additive, (3.6) gives
#Γ′ ≤ 20 + #{reducible fibres}.
By (3.7), there are at most 20 reducible fibres, so the estimate from Theorem
1.2 (ii) for p = 2 follows readily (and is attained by the fibrations from [15],
see 6.5). If p = 3, then the only possible reducible fibre types of a quasi-
elliptic fibration are IV, IV ∗, II∗, so e(Ft)− 2 ≥ 2 for a reducible fibre, and
(3.7) allows for at most 10 of them. Hence #Γ′ ≤ 30 as stated in Theorem
1.3 (ii). To see that the bound is attained (for certain 2h), confer 6.4.
4. Proof of Theorem – bounds
It remains to study the case where M is hyperbolic. Extending on [6], we
consider the hyperbolic lattice
L =M/ ker(M)
and try to equip L⊗Q with an intrinsic polarization HΓ ∈ L⊗Q obtained
by solving for
v.HΓ = dv ∀ v ∈ Γ.
Note that HΓ need not exist at all, since the system of equations tends to
be overdetermined. The intrinsic polarization has to be compared to the
canonical way of enhancing M by the polarization H with H2 = 2h where
we set
H.v = dv ∀ v ∈ Γ.
This leads to the non-degenerate lattice LH = (ZΓ + ZH)/ ker(ZΓ + ZH).
Lemma 4.1. If LH is hyperbolic, then L embeds into LH .
Proof. It suffices to verify that
ker(ZΓ) ⊂ ker(ZΓ + ZH).
Assume to the contrary that there is some w ∈ ker(ZΓ) \ ker(ZΓ + ZH).
Picking some positive vector x ∈ ZΓ, we obtain an auxiliary rank 3 lattice
L′ = Zw + Zx+ ZH with intersection form
Q =

 0 0 w.H0 x2 x.H
w.H x.H H2


This has determinant det(Q) = −x2(w.H)2 < 0. On the other hand, L′ is
hyperbolic by the Hodge index theorem, so det(Q) > 0 gives the required
contradiction. 
We are now in the position to formulate and prove the following key
reduction result:
Proposition 4.2. If LH is hyperbolic, then HΓ exists and 2h ≤ H
2
Γ.
The proof of Proposition follows the ideas of [6] (which also states the
converse implication). For completeness, we provide a direct argument.
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Proof. By Lemma 4.1, the lattice L embeds into LH with corank 0 or 1.
The underlying vector spaces thus admit an orthogonal decomposition
LH ⊗Q = (L⊗Q) ⊥ (L
⊥ ⊗Q).
Here L⊥ is either zero or negative-definite, since both lattices L and LH are
hyperbolic by assumption. Express H uniquely as
H = HΓ +H
⊥
Γ , where HΓ ∈ L⊗Q, H
⊥
Γ ∈ L
⊥ ⊗Q.
Hence HΓ exists, and
H2 = H2Γ + (H
⊥
Γ )
2 ≤ H2Γ
as stated. 
Proposition 4.2 forms a cornerstone of our argument since it implies that
any given hyperbolic graph Γ can be realized by rational curves on degree-
2h K3 surfaces only for a finite number of integers h, if any. The proof of
Theorem 1.1 now rests on combining the following reduction step with the
results from Section 3:
Proposition 4.3. For fixed d, all hyperbolic graphs Γ of smooth rational
curves of degree at most d on a polarized K3 surface (X,H) allow for finitely
many values of the degree H2 = 2h only.
Proof. Let Γ0 ⊂ Γ be a maximal subset such that M0 = ZΓ0 is elliptic or
parabolic (we allow M0 to be empty). By Lemma 3.3, M0 is an orthogonal
sum of Dynkin diagrams, isotropic vectors and extended Dynkin diagrams.
In the elliptic case, as the rank of M0 is bounded by 21 (see (3.3)), there
are only finitely many possible configurations for M0. In the parabolic case,
either (3.4) is elliptic and Γ0 is supported on the singular fibres, or (3.4) is
quasi-elliptic and Γ0 is supported on the reducible fibres (under the condi-
tions from Theorem 1.2 or 1.3). In either case, there are only finitely many
configurations of Dynkin diagrams, isotropic vectors and extended Dynkin
diagrams possible. (Over C, these can be read off from Shimada’s classifi-
cation in [19].)
Now enhance M0 by any v ∈ Γ \ Γ0. The resulting lattice M
′ = M0 +
Zv is hyperbolic by assumption, and again there are only finitely many
configurations possible, since v2 ≤ d2/2 by (3.1), and v.v′ ∈ {0, 1, . . . , d2}
for all v′ ∈ Γ0 (recall (3.2)). For each possible configuration Γ
′ = Γ0 ∪ {v},
the intrinsic polarization HΓ′ , if it exists, provides an upper bound for 2h
by Proposition 4.2. All in all, we obtain an upper bound for the degree
H2 = 2h, valid whenever Γ is hyperbolic. 
4.1. Proof of bounds in Theorems 1.1 – Theorem 1.3. Assume that
the graph Γ is realized by rational curves of degrees ≤ d on a K3 surface
X of degree 2h. Let 2h exceed the implicit upper bound for the degrees of
polarizations from (the proof of) Proposition 4.3. Then Γ is parabolic or
elliptic by Proposition 4.3, and the bounds from Section 3 yield Theorems
1.1 – 1.3. 
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Remark 4.4. In principle, the above bound on the degree 2h can be made
effective. For the case of d = 1 over the field k = C, see [6].
5. K3 surfaces with 24 rational curves
In this section, we prove that the bound from Theorems 1.1 and 1.3 (i) is
sharp for any h≫ 0 (fixing d ≥ 3). We need the following auxiliary result.
Lemma 5.1. Assume that char(k) 6= 2 and let c ∈ 2Z. Then there is a
family of K3 surfaces over k with generic Picard lattice
Pic =
(
0 d
d c
)
.
Proof. We will obtain the desired K3 surfaces by deforming certain other
K3 surface Yr. To set up the K3 surfaces, fix c0 ∈ {2, 4, . . . , 2d} such that
c ≡ −c0 mod 2d.
Write c0 − 2 as twice the sum of at most four squares:
c0 = 2(1 + n
2
2 + . . . + n
2
r), 1 ≤ r ≤ 5, ni ∈ N.
Consider a K3 surface Yr admitting an elliptic fibration with zero section O
and r fibres of type I2. Independent of the characteristic, it is a consequence
of Tate’s algorithm [24] that Yr can be given in Weierstrass form
y2 + a2xy + a6−rgry = x
3 + a4x
2 + a8−rgrx+ b12−2rg
2
r
where ai, bj , gr ∈ k[t] with the subscript indicating the degree and gr square-
free. One verifies that the family of such elliptic K3 surfaces depends on
(18 − r) parameters, so the generic member will have ρ = 2 + r. Here
we shall work with a general member Yr of this family which has no other
reducible singular fibres while being non-supersingular. Thus there is a
primitive embedding
U ⊕Ar1 →֒ Pic(Yr)
where the sublattice is generated by the fiber F , the zero section O and
the fibre components Θ1, . . . ,Θr not meeting O (additional generators of
Pic(Yr) are given by sections by [22]). Let N ∈ N and consider the divisor
H = NF + dO −Θ1 − n2Θ2 − . . .− n5Θ5.
For N > 2d, one directly verifies using Criterion 2.1 that H is very ample.
By [8, Prop. 1.5], the K3 surface Yr deforms together with the divisor
classesH,F in an 18-dimensional family over k. By construction, the generic
member has Picard lattice isometric to the stated one. 
We continue with the family of K3 surfaces from Lemma 5.1. Applying
an isometry of Pic, we may assume that c ∈ {−2, 0, 2, . . . , 2d − 4}. Denote
the generators of Pic by D,C. By Riemann–Roch, the isotropic vector D
is either effective or anti-effective, so let us assume the former by adjusting
the signs of D and C, if necessary. Then |D| may still involve some base
locus which can be eliminated by the composition σ of a finite number
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of reflections. The resulting divisor E = σ(D) is a fibre of a genus one
fibration. We choose X general in the family of K3 surfaces such that X is
not supersingular and all singular fibres of the genus one fibration are nodal
cubics (so they are 24 in number by (3.5)).
Turning to the divisor B = σ(C), it is effective, again by Riemann–Roch
(and since E.B = d > 0). Since the fibre class E is nef, every irreducible
component B′ of the support of B satisfies
0 ≤ B′.E ≤ d,
with left equality if and only if B′ itself is a fibre. Arguing with all com-
ponents of the support of B and with all other multisections of the genus
one fibration, one verifies using Criterion 2.1 that NF +B is very ample for
N > 2d.
Applying this procedure separately to all values c ∈ {−2, 0, 2, . . . , 2d−4},
we find degree-2h K3 surfaces with 24 rational curves (the images of the
singular fibres) for all h ≥ d(2d + 1) − 1. Thus the bounds from Theorems
1.1 and 1.3 (i) are attained for all h≫ 0.
Remark 5.2. In characteristic 2, the same construction can be carried out
to produce K3 surfaces with ample divisors H by the Nakai–Moishezon
criterion. Then mH is very ample for all m ≥ m0 for a certain m0 ∈ N, so
we get projective models of K3 surfaces with 24 rational curves of degree md
(and infinitely many such polarizations fixing md, because we can always
add positive multiples of the nef divisor E to mH to obtain further very
ample divisors).
6. K3 surfaces with 24 smooth rational curves
This section aims to exhibit explicit projective models of K3 surfaces at-
taining the bounds from Theorems 1.1 – 1.3 for infinitely many degreesH2 =
2h although we restrict to smooth rational curves exclusively. Throughout
we fix an integer d and only consider K3 surfaces with smooth rational curves
of degree exactly d to simplify the exposition. By Proposition 4.3, once h
is large enough, all curves have to be fibre components of some genus one
fibration. In the non-quasi-elliptic case (e.g. outside characteristics 2, 3),
comparing (3.5) and (3.6) shows that all singular fibres have to be multi-
plicative and reducible (Kodaira type In, n > 1); since F.H = dn is fixed,
they all have the same type. This gives three cases,
12× I2, 8× I3, 6× I4(6.1)
which we will study in detail in what follows. (There is an additional case
4 × I6 in characteristic 2 while the other combinatorial cases are ruled out
by the Shioda–Tate formula [22, Cor. 5.3].)
We shall start with models covering the minimal degree d = 1. This
obviously rules out the first configuration from (6.1) since then each pair of
fibre components would meet in two points which is impossible for lines.
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6.1. Fermat surface (6 × I4). Assume that char(k) 6= 2. Let X4 be the
Fermat quartic surface, defined by
X4 = {x
4
0 − x
4
1 + x
4
2 − x
4
3 = 0} ⊂ P
3.
This has 48 lines over k (112 in characteristic 3, see 6.4), and the signs were
chosen for 8 lines such as
{x0 ± x1 = x2 ± x3 = 0}(6.2)
to be defined over the prime field. As noted in [1], the morphism
π : X4 → P
1
[x0, x1, x2, x3] 7→ [x
2
0 − x
2
1, x
2
2 + x
2
3]
defines a genus one fibration with 6 fibres of Kodaira type I4, each comprising
four of the lines (for instance, the fibre at [0, 1] is just the 4-cycle of lines
from (6.2)). The other lines serve as bisections, and over C or fields of
characteristic p ≡ 1 mod 4, one can show that there are no sections. The
next fact, just like the ones to follow, can easily be checked using Criterion
2.1, so we omit the details.
Fact 6.1. Let F denote a fibre of π, H0 a hyperplane section of X4 ⊂ P
3
and N ∈ N0. Then H = NF + dH0 is very ample.
For any h = 2d(2N+d) we thus obtain a degree-2h model ofX4 containing
24 smooth rational curves of degree d (the images of the fibre components).
Remark 6.2. In characteristic p ≡ −1 mod 4, X4 is supersingular, so it
attains additional sections. These allow us to realize further polarizations
with 24 smooth rational curves of degree d.
6.2. Hesse pencil (8×I3). Assume that char(k) 6= 3. Let S be the rational
elliptic surface defined by the Hesse pencil
S : x3 + y3 + z3 = 3txyz.
Then S has 4 singular fibres of type I3 at ∞ and the third roots of unity.
The Mordell–Weil group of S consists of the nine base points of the pencil,
P1, . . . , P9.
Lemma 6.3. Let F ′ denote a fibre of S. Then the class D′ = F ′ + P1 +
. . .+ P9 is 3-divisible in Pic(S).
Proof. Picking P9 as zero of the group law, say, the theory of Mordell–Weil
lattices [22] gives an isomorphism
MW(S) = Pic(S)/(trivial lattice generated by fibre components and P9).
Presently this yields
P1 + . . .+ P8 = 8P9 + 3
4∑
i=1
Θi − 4F
′,
where the Θi denote the rational fibre components met by P9. Adding P9
and F ′ on both sides, we derive the claimed divisibility. 
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Consider the base change X3 of S by a separable quadratic morphism
P1 → P1 which is unramified at the singular fibres. Then X3 is an elliptic
K3 surface with eight fibres of type I3 and the said nine sections (but now
featuring as (−2)-curves). Let F denote a fibre of X3. By pull-back, the
divisor D = 2F + P1 + . . . + P9 ∈ Pic(X3) is 3-divisible.
Fact 6.4. Let N ∈ N. Then H = NF + d
3
D ∈ Pic(X3) is very ample.
This gives degree-2h models of X3 with 24 smooth rational curves of
degree d for h = d(3N + d).
Remark 6.5. As in Remark 5.2, for infinitely many d, we obtain non-unirational
projective K3 surfaces with infinitely many polarizations of degree 2h, con-
taining exactly 24 smooth rational degree-d curves in characteristic 2.
6.3. Configuration 12×I2. Assume that char(k) 6= 2 and consider square-
free polynomials f, g ∈ k[t] of degree 4 such that f − g is also squarefree of
the same degree. Then the extended Weierstrass form
y2 = x(x− f)(x− g)
defines an elliptic K3 surface X2 over P
1
t with twelve singular fibres of type
I2 at the zeroes of f, g and f − g. Generically, one has MW(X2) ∼= (Z/2Z)
2
with disjoint sections
P1 = (0, 0), P2 = (0, f), P3 = (0, g)
and P0 the point at ∞.
Fact 6.6. Assume that d is even. Let F denote a fibre and N > d. Then
H = NF + d
2
(P0 + P1 + P2 + P3) is very ample.
Therefore, we obtain degree-2h models of X2 for h = d(2N − d) (and d
even) with 24 smooth rational curves of degree d in characteristic 6= 2.
Remark 6.7. Assuming X2 to arise from a rational elliptic surface with six
fibres of type I2, one can endowX2 with two additional independent sections.
This allows one to also realize polarizations H2 ≡ d2 mod 4d.
6.4. Extra bound in characteristic 3. The Fermat quartic X4 ⊂ P
3
admits further elliptic fibrations; one can be obtained by fixing any line ℓ ⊂
X4 and considering the pencil of hyperplanes containing ℓ. In characteristic
3, the resulting fibration is quasi-elliptic with 10 fibres of type IV (compare
[14] for the special role of this surface among quartics in characteristic 3).
As before, denote a fibre of the fibration in question by F .
Fact 6.8. If N > 2d/3, then the divisor H = NF + dℓ is very ample.
Thus we obtain degree-2h models of X4 with h = 3dN −d
2 which contain
30 smooth rational curves of degree d in characteristic 3.
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6.5. Bounds in characteristic 2. We have already seen in Remarks 5.2,
6.5 how the bound from Theorem 1.2 (i) can be attained in characteristic
2. It remains to establish the same statement for the bound in Theorem
1.2 (ii). To this end, let d ≥ 2 and consider a quasi-elliptic K3 surface X
with 20 fibres of type III as in [15]. Then the curve of cusps C can be
regarded as a smooth rational bisection which meets each component of a
reducible fibre with multiplicity one. Denoting a fibre by F , it follows from
the Nakai–Moishezon criterion that the divisor H = NF + dC is ample for
any N > d.
For m ≫ 0, we thus obtain projective models of X with infinitely many
different polarizations mH + nF (n ∈ N0), each of which contains exactly
40 smooth rational curves of degree md.
The bound from Remark 1.4 arises from considering quasi-elliptic K3
surfaces X ′ with 5 fibres of type I∗0 . Here the curve of cusps C and the
double fibre components Θ1, . . . ,Θ5 allow us to define the ample divisor
H = NF + d(3C +Θ1 + . . . +Θ5)
for N > d/2. Since H meets all the requirements of Criterion 2.1 for N ≥ 2,
one might expect that, at least for N ≫ 0, it will be very ample and thus
yield projective models of X ′ with 25 lines.
Acknowledgement. S. Rams would like to thank J. Byszewski for inspir-
ing remarks.
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